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We introduce*-structureson braidedgroupsandbraidedmatrices.Using this, we shm
thatthequantumdoubleD ( Uq (su2))canbeviewedasthequantumalgebraof observable
of a quantumparticlemoving on a hyperboloidin q-Minkowski space(a three-sphereii
the Lorentz metric), and with the role of angularmomentumplayedby Uq(su2). Thi
providesa new example of a quantumsystem whose algebraof observablesis a Hop
algebra.Furthermore,its dual Hopf algebracan alsobe viewedas a quantumalgebrac
observables,of anotherquantumsystem.This time theposition spaceis a q-deformationa
SL(2,~) andthe momentumgroupis Uq(su~)wheresu~is the Drinfeld dualLie algebraa
su2.Similar resultshold for the quantumdoubleand its dual of a generalquantumgroup
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1. Introduction

Oneof themostimportantquantumgroupconstructionsis Drinfeld’s quan
turndouble[1]. It hasarich algebraicstructureand, moreover,playsan impor
tant (thoughnot fully understood)role in quantuminversescatteringas som
kind of quantumdressingtransform[2]. It hasalsobeenproposedas akind o
‘complexification’, for examplethe doubleof Uq (su2) hasbeenproposedas
quantumLorentzgroup [3]. In bothofthesecontextsthe quantumdoubleplay!
thephysicalrole of akind of generalizedsymmetry.

In this paperwe give a new physicalinterpretationof the quantumdouble
as the algebraof observablesof a quantummechanicalsystem.A further in
terpretationas aquantumframebundleis given in [4]. Theseinterpretation!
aremadepossibleby resultsaboutthe algebraicstructureof the quantumdou
ble in [51and [61, to which the presentpaperis a sequel.The main resulto:

SERC Fellow andDrapersFellow of PembrokeCollege, Cambridge.

0393-0440/1994/$7.00© 1994 ElsevierScienceB.V. All rightsreserved
SSD10393-0440(93)E0034-M



170 S. Majid / The quantumdoubleas quantummechanics

theseworks is that the quantumdoubleof a true quantumgroup (with univer-

salR-matrix or quasitriangularstructure[1]) hasthe structureof a semidirect
product.This opensup the possibility of aquantummechanicalinterpretation

in the context of Mackey quantization [7,8] and its naturalgeneralizationto
quantumgroups [9]. Of course,for a quantummechanicalinterpretation,we
needto extendthesemidirectproductresultfor the quantumdoubleto the level

of *-algebras,andthis is the main goal of the presentpaperfrom a mathemati-
cal point of view. In doing this, we will haveto study*-structureson quantum
groupsin relationto their quasitriangularstructure1?. as well as *-structureson

certain associatedbraidedgroups [10,111. This is the topic of section2. We
distinguishtwo naturalpossibilities,namely7~*0 * = 7Z21 (the real case)and

* = R’ (theantirealcase).The first possibilityhasbeennotedsometime
ago in a classificationby Lyubashenko[121 andappliesto the compactforms of
the standardquantumdeformationsUq (g). The secondpossibility seemsto be
morenovel,andis known to apply for exampleto Uq (sl(2,tPfl. Bothareneeded

in the paper.
The quantummechanicalpicture of the double is obtainedin section 3. In

fact, we havealreadyaskedin a seriesof papersthe following question:when
is the algebraof observablesof a quantumsystema Hopf algebra (and if so,
what doesit mean physically)?In answerto this questionwe found a large

classof homogeneousspacessuchthat the algebrasof observablesof quantum
mechanicson them (via Mackeyquantization)were indeedHopfalgebras.Not
any homogeneousspacesatisfiesthis andtheonesthat do so arisein pairsfrom
the factorizationof any group into two subgroups(the two factorsthen act on
eachothergivingtwo matchinghomogeneousspaces).Moreover,thedual Hopf
algebraof the quantization of one homogeneousspace is the Hopf algebraof
observablesof quantizationof the otherone.The meaningof the coproductis
that of a non-Abeliangroupstructureon phase-space,describingsomekind of
non-commutativegeometry[13]. Thedualitymeansthat thequantumalgebraof
oneof thehomogeneousspacesis equivalentto the coalgebra(hencegeometry)
of theother. This possibility of a dual interpretationas quantummechanicson
the one handandgeometryon the otherwasone of the main ideasintroduced
in the author’sPh.D.Thesisandwewill exploreit below for our new examples
basedon the quantumdouble. In purely quantummechanicalterms it means
that the statesof the systemalso form an algebraandhenceacertainsymmetry
is restoredbetweenobservablesandstates.Forfurtherdetailswe referto [9,14—
17].

Theself-dualityofthesituationis alsoconnectedwith otherdualitiesin physics

andalsowith mirror symmetryin stringtheory. In particular,anaturalsourceof
factorizationsis providedby theIwasawadecompositionG~= G

t G of thecorn-
plexificationof compactsemisimpleLie groupGinto Ganda solvablegroupG*.
The resultingactionof G on G* givesonesystemwith G* positionandG mornen-
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tum,whilethe actionof G* on G which arisesin the sameprocessgivesthedual
systemwith the rolesof the positionandmomentuminterchanged.Moreover,
the group G* hereis connectedat the Lie algebralevel with considerationsof
Manin-triplesandthe classicaldoublein the theoryof classicalinversescatter-
ing [1,181.In [141weconstructedthemutualgroupactionsusingtheholonomy
of a pair of zero-curvatureconnections.For aconcreteexample,the Iwasawa
decompositionof SL(2,C) gaverise to a systemwith positionspacegiven by
non-concentricallynestedspheres,andmomentumgiven by su(2) (angularmo-
mentum).The sphereshereareorbits underan actionof SU(2) or SO(3) on
~, but an unusualfeaturewas that in order for the quantumalgebraof observ-
ablesto bea Hopfalgebra,thisactionwasnot theusual rotationbut a distorted
non-linearone (comingfrom the Iwasawadecomposition).The non-linearity
moreoverled to an ‘event-horizon’type structureat the planez = —l in l~.
In this exampleSU (2)* is asolvablegroup which can be identified with the
region z > —1. Such‘event horizons’appearto be a characteristicfeatureof the
allowedhomogeneousspacesin [9,14—16].For example,in 1 + 1 dimensions
the requirementof self-duality forced the metric to bea black-holetype one.

We aregoing to usemuchthe sameingredientsnow in our interpretationof
the quantumdoubleandits dual. This time the actionswill be more standard
rotations(in Minkowski spacetimefor example)but the novel ingredientnow
is that the underlyingclassicalsystemis morenaturallyaq-deformedgeometry
ratherthanan ordinary classicalgeometryas in the modelsabove. Our con-
structionsarequitegeneralbut we concentrateon the doublesD ( Uq (g)) of the
Drinfeld—Jimbo quantumgroupsUq (g) [1,19], giving all formulas explicitly
for the casewhereg = su2.

In this casewe take for our q-deformedposition observablesthe *-algebra
BS~consistingof BHq (2) (the *-algebraof 2 x 2 Hermitianbraided-matrices)
modulothe conditionBDET = 1 whereBDET is thebraided-determinant.The
algebraof 2 x 2 braided-matriceshasbeen introducedin [20] andhasfour
generators(~~) to be regardedas the ‘co-ordinatefunctions’ on the braided
space.We equipthis now with the *-structure(~~) = (~~,)appropriateto
theHermitiancase,andimposethefurtherdeterminantcondition.Recallthatin
the undeformedcasethe Hermitianmatricescanbe identified with Minkowski
spaceandthe determinantwith the Lorentzmetric.The algebraBS~is therefore
aq-deformationof theco-ordinatefunctionson the sphereS~orof unit radiusin
Minkowskispace.Meanwhile,theq-deformedmomentumof oursystemis given
by the quantumgroupUq (su2).Recallthat in theundeformedsituationSL(2,C)
acts on the Hermitian matricesH(2) (Minkowski space) andpreservesthe
determinant.ItssubgroupSU (2) actspreciselyby spatialrotationsof Minkowski
spaceandof S~or.In ourq-deformedsettingthe actionof Uq (su2)corresponds
preciselyto thisactionby conjugation,in theform ofthequantumadjointaction.
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By quantizationof this classicalq-deformedsystemwe meana *-algebracon-
taining the position observablesandmomentum(quantum)group in such a
way that the actionof momentumis implementedin the algebra.Thiswe un-
derstandastheconstructionofa (quantumgroup)*-algebracrossproductwhich
is a naturalgeneralizationof the Mackeyquantizationschemeusedabove [9].
A recentwork in which *-algebracrossproductsareunderstoodas quantization
is in [21]. In our casethe aboveq-deformedclassicalsystemhassuchaquan-
tization.Moreover, it is aHopfalgebraandis isomorphicas a Hopfalgebrato
Drinfeld’s quantumdoubleD(Uq(5U2)). Full detailsof this exampleappearat
the endof section3 below.

Notethatq hereis consideredquiteorthogonalto the processof quantization,
andneednot be relatedto anyphysicalh. Thus in our interpretationwe have
two independentprocesses,which mutually commute,

C (S~r)® su2 defor~,ation BS~® Uq (su2)

quantization j. .j. quantization (1)

3 deformation 3

C(SL0r)XIU(5u2) —~ BSq>lUq(5U2).

Thetop left herecanbeviewedasasubsetof theclassicalobservablesC ( T*S~0~)
consistingof certainfunctionson T*SJ

3Or that arelinear in the fiber direction,
namely the tensorproductof functionson the baseS~randvectorfields in-
ducedby the actionof su

2. This is the naturalsubsetthat is quantizedin the
Mackey scheme (cf. the vertical polarization). The bottom left is the usual
Mackey quantizationof this systemand is isomorphicas an algebrato Drin-
feld’s doubleD(SU(2)). We havealreadyexplainedin [9, example2.4] that
Drinfeld’s quantumdoubleof a group or envelopingalgebra is a semidirect
productandhenceforms an exampleof the generalclassof modelson homo-
geneousspacesasdiscussedabove.The restof the diagramis filled in by the
constructionsin the presentpaper.Note in this contextthat the classicalsitu-
ation works just as well with positionobservablesSU(2) = S

3 (in Euclidean
space).The actionof momentumSU(2) is againby conjugation,with orbits
againspheres.The quantizationas an algebrais againDrinfeld’s quantumdou-
bleC(SU(2))x1U (5U2) ~ D(SU(2)). Theonly differenceis thatthe *-structure
on the matrix co-ordinatefunctionsis that appropriateto unitary ratherthan
to Hermitianmatricesas above.On the otherhandthe naiveq-deformationof
this Euclideansystemto SUq (2) >1 Uq (su

2)is not possiblebecausethequantum
adjoint actionfails to respectthe algebrastructureof SUq (2) for q ~ 1. In fact,
I do not know how to q-deformthis Euclideansituationandhavebeenforced
by this failure into the Minkowski settingand its q-deformationvia braided
matricesratherthanmore familiarquantumones.

One canask: Why should we be interestedin a quantumsystemwhoseun-
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derlying classical systemis more naturally a q-deformedclassical geometry?
One reasonis that we havean extraq parameterto regulariseany singulari-
ties that appearin the quantumtheory (evenif, after renormalization,we set
q = 1) [221.Relatedto this it is interestingthat the requirementof existence
of aq-deformationleadsusinto the Minkowski settingevenif weareinterested
in the endonly in q = 1. Anothermotivationis thatatthe Planckscalewecan
expectsomefeedbackbetweenquantizationandgeometryin the sensethat a
correctformulationofquantumparticlesmaysurelyrequirethem to be moving
in thebackgroundof somethingotherthanausualgeometry.Replacingthelatter
by a q-geometryis onepossibility for suchmodels,with q expressingquantum
correctionsto the backgroundgeometryitself.

In general,while the needfor somekind of non-commutativeor q-geometry
hasbecomeclear, thereremainsashortageof naturalexamplesandphysical
principlesto governsuchageometry(simply askingto q-deformeverythingstill
leavesa lot of possibilities).Henceit is significantthat the quantumdouble
providesa naturalexample,the studyof which can help developthe subject
further.Forexample,onecanstudyq-deformeddifferentialstructuresandhope
to give a moreconventional(but q-deformed)pictureof the quantumdouble
as quantizinga q-symplecticor q-Poissonspace.One can also try to take a
differentline andcombinethe two stepsin (1) into a singlequantizationof a
pairof compatiblePoissonbracketsas in [23]. We will not attemptthesesteps
here,but seethe concludingremarksatthe endofthe paper.

Let us recall now that our original motivationfor quantumsystemswhose
algebraof observablesare Hopf algebraswas an interestingquantum/gravity
duality phenomenonimplementedby Hopf algebraduality. This is the topic
of section4 wherewe studythe dualof the quantumdouble.It is alsoa Hopf
algebra,but ourresult is that it too is acrossproductquantization.Hereagain
we dependon the generalalgebraictheory in [61 but in the context now of
*-algebrasand in more suitableright-handedconventions.The most unusual
featureof the result is thatthis time, for the dualof the quantumdoubleto bea
*-algebracrossproduct(asneededfor its interpretationas generalizedMackey
quantization),thequasitriangularstructureshouldbe antirealratherthan real.
Forexample,it is the dualof the quantumdoubleof Uq(sl(2,D~))thathasthe
desiredinterpretation,ratherthanofthe compactrealform Uq (su

2)above.Thus
wehavefor the dualof the quantumdoublein thiscasethe interpretation

* deformation *

C(SL(2,R))®su2 BSLq(2,R)®Uq(su2)
quantization .1. J. quantization (2)

C (SL(2,E1~))>1 U (su) defor~ation BSLq(2,R) >~1Uq (su~).

The role of angularmomentumis now playedby the Drinfeld dual su~as men-
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tionedabove.Its q-deformationis by definition Uq(su~)= U~(s12)*, i.e., the
quantum-groupfunctionalgebradual to Uq (s12) but regardedneverthelessas a
quantumenvelopingalgebra.Therole ofpositionis againplayedin thedeformed
caseby thebraidedgroupBSLq (2,R) whichis like theabovebut with *-structure
(~.~) = (~~). Full detailsappearat the endof section4. The Mackey-type
quantizationof this systemis thenthe dualHopf algebrato the quantumdou-
ble andhencedual to the system(1). This possibility of adual interpretation
is an interestingdirection for furtherwork andsuggestsagenuinelynew phys-
ical phenomenon.Accordingto the duality principle introducedin [161, this
dualsystemshouldappearrelativeto ourinitial systemas physics‘beyond’ the
Planckscale.This is necessarilya speculativetopic but its elaborationremains
along-termmotivationfor the presentwork.

We concludein section5 with someremarksconnectingthe constructions
herewith otherpointsof view in [24,4]. We explain in the last of thesethat
the quantumalgebrasof observablesabovecanjust as easilybe understoodin
ageometricway as principal bundleson quantumhomogeneousspaces.When
thetheoryof principalbundlesis formulatedin the settingof non-commutative
algebraicgeometrythereisnot really anydifferencebetweensemidirectproducts
viewedasquantizationandsemidirectproductsviewedas (algebraic)geometry.
Hencethe doubleandits dualbothhavethis geometricalinterpretationas well
asthe quantumoneabove.This is an importantprinciplethat is surelyrelevant
to Planck-scalephysicswheregeometryandquantumtheoryneedto be unified.

Throughoutthis paperwe work over a field with involution, which we fix
for concretenessto be C. The general resultshold for an arbitrary field with
involution.Thusourapproachto quantizationis analgebraiconeas explained
in detailin [9, section1.1.11. Thegeometricalcontentis alsotobeunderstoodin
asettingofnon-commutativealgebraicgeometryasindicatedabove.Onecantry
to placetheseresultsexplicitly in a C*~algebraor von Neumannalgebrasetting
thoughwe shallnot attemptto do so here.This, andthe interpretationof the
q-deformedMackeyconstructionin termsof q-deformedsymplecticstructures
etc. are two directionsfor furtherwork. The presentpaperis a necessaryfirst
step.

PRELIMINARIES

Herewe collect somebasicalgebraicfactsaboutHopfalgebracrossproducts
andcrosscoproducts,the quantumdoubleandbraidedgroups.

Recall first thata Hopfalgebrais (H, 4, �, 5) whereH is an algebrawith unit,
A: H —* H® H (the comultiplication),�: H —* C (thecounit) arealgebramaps
and5: H —* H (theantipode)playstherole ofinverse.An introductiontotheax-
ioms is in [25]. We oftenusetheformalsumnotationAh = ~h(,) ® h~ [26].

If H is finite dimensionalthenA = H* is alsoa Hopfalgebra,dual to H, with
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multiplicationdeterminedby the comultiplicationin H andvice-versa.A sim-
ilar situationholdsin the infinite-dimensionalcaseif we work with aq-adicor
othertopology as in [1]. An algebraicalternative,whichwe adopt,is simply to
work with duallypairedHopfalgebras.Thus Uq (su2)is nondegeneratelypaired
with SUq(

2) etc.,in astandardway. Forbrevity someofour abstractresultsare
provenin the finite-dimensionalcase:their extensionto the dually-pairedcase
is straightforwardandverified directlywhenwecometo the relevantexamples.

Whena HopfalgebraH actson an algebraB in sucha way as to respectits
structurein the sense

hr’(bc) =

ht~l= �(h)l (3)

(onesaysthatB is an H-modulealgebra),onemayform acrossproductalgebra
B>IH. This isjustasfamiliar for groupactions.It is built on B® H with product

(b®h)(c®g) = ~b(h(,)~c)®h(
2)g, b,ceB, h,gEH. (4)

Put anotherway, B >1 H hasB,H as subalgebrasandcrossrelationsgiven by
(l®h)(b® 1) = >(h(,)t~b®l)(l ®h(2)). Also, a featureof Hopfalgebrasis
thatHopfalgebraconstructionsalsohavedualversionsobtainedby writing the
relevantmapsas arrowsandreversingthem.Thus, if B is a coalgebraon which
H coactsby /3 : B —* H® B in sucha way as to preserveits structure,

(id®AB)f3(b) =

(id®EB)/3(b) = 1EB(b), (5)

where/3(b) = ~ ® b~(onesaysthatB is an H-comodulecoalgebra),we
canform a crosscoproductcoalgebraB >1 H. Explicitly, it is built on B ® H with
coproduct

A(b®h) ~ (6)

An introductionto thesetopics is in [25, section6].
If H is a (say, finite-dimensional)Hopf algebrathereis a quantumdouble

Hopf algebraD(H) built on H* ® H as follows. The comultiplication, counit
andunit arethetensorproductones.So 4(a®h) = ~a(,) ®h(,)®a(2)®h(2).
The productis twisted,

(a®h) (b ® g) = ~ b~)a® h(2)g(Sh(,),b(l))(h(3),b(3)),

h,geH;a,beA=H*. (7)

ThisHopfalgebrawas introducedby Drinfeld via generatorsandrelations[1].
We useherethe abstractform dueto the authorin [9] andin the conventions
of [5]. Note that H and H* ~ (H* with the oppositeproduct) are sub-Hopf
algebras.Moreover,the quantumdoublefactorizesinto thesetwo factors.The
generaltheory of factorizationsof Hopf algebraswas introducedin [9]. One
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showsthat for anysuchfactorization,the two factorsact on eachotherandthe
entireHopfalgebracanbe recoveredfrom the factorsas adouble-crossproduct.
ThusD(H) ~ H r~H*oP wherethe actionsarecoadjointactions[9, example
4.6]. In the infinite-dimensionalcasewe usea formulationin termsof dually
pairedHopf algebrasalongthe linesgiven in [27]. Also, the dualD(H)* of the
quantumdoubleis alsoa Hopf algebra.It is built on H ® H* as analgebra,with
a twistedcomultiplication

A (h ®a) = ~ h~®(Sfb )a(,)fb(3) ®eb ®a(2)(fb(2),h(,)~, (8)

where {eb} is a basisof H and{f~-’}a dualbasis.
A Hopf algebraH is quasitriangular(a quantumgroup of envelopingalge-

bra type) if thereis an invertible elementR. E H ® H obeying the axiomsof
Drinfeld [1],

(4®id)R. = 1~13R.23, (id®A)R. = R.,37?.12, 4°” = 7Z(A )7~’ (9)

where40P denotestheoppositecomultiplication.We define Q = R.217Z,2to be
the quantumKilling form. A quasitriangularHopf algebraH is called factor-
izable [28] if Q is non-degeneratein the sensethat the set { (q~® id) (Q) ~ E

H* } c H coincideswith all of H. The quantumdoubleof any Hopfalgebrais
quasitriangularandindeed,factorizable,as are manyfamiliar quantumgroups
suchas Uq(g) (workingwith suitabletopologicalcompletionsor with a desig-
nateddually-pairedHopfalgebrain therole of H*). Clearly, the dualconceptof
aquasitriangularHopfalgebrais aHopfalgebraA equippedwith aconvolution-
invertiblemapR~:A® A —~ C obeyingsomeobviousaxiomsdual to (9), namely

R~ab®c)=

7~(a®bc)= ~R.(a(l)®c)R(a(2)®b), (10)

> ~ ® ~ ) = ~ 7?.(a~,~® ~ )a(2)b(2) (11)

for all a, b, c ~ A. The dual quantumgroups (quantumgroupsof function
algebratype) arelike this. Finally, the axiomsof a (dual) quasitriangularHopf
algebraaresuchthat its categoryof (co)modulesformsabraidedor quasitensor
category.If V, WareH-modules,thebraided-transpositionor braidingis

Wj’cw:V®W—~W®V,~Pv~(v®w)=t(l?~’(v®w)), (12)

where7~~ H ® H acts on V ® W. It is an intertwiner for the actionof H and
haspropertiessimilar to thoseof the usual transpositiont, exceptthat ~!‘v,w
and~ neednot coincide (they areusually representedas distinct braids).
Similarly for the categoryof comodulesin the dualquasitriangularcase.

Nextweneedthe notionof an algebraliving in abraidedcategory.We will be
concernedhereonly with the braidedcategoriesof representationsof aquantum
groupasjustexplained.In thiscase,analgebrain thecategorymeansanordinary
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algebraB, on which thequantumgroupacts,in such away that thealgebraand
unit mapsare covariant.The tensorproductactionon B® B is given by the
actionof A (H)~.Hence the necessarycondition is just thatB is an H-module
algebraas in (3). We saw abovethat this led to crossproducts.On the other
handournew category-theoreticalview of H-modulealgebrasis alsoveryuseful
andleadsto the notion of braidedtensorproductsof H-modulealgebraswhen
H is a quantumgroup [10]. Theidea is thatif B, C aretwo algebrasliving in a
braidedcategory,thenB ® C hasan algebrastructure,which we denoteB®C,
alsoliving in the category.In our presentcasethis is

(b®c)(d®e) = b~Pc,B(c®d)e= ~b(R.~2~ td) ®(7Z11~~c)e, (13)

wherethe secondexpressionuses(12). Onecancheckthat thisis associative.
This is one of the fundamentalconstructionsbehindthe author’stheoryof

braidedgroups.For a braidedgroupB is a kind of Hopf algebrain which the
braided-coproductis takenas analgebrahomomorphism4: B —f B®B with the
braidedtensorproductstructureB®B from (13). The structureB = H needed
aboveis an example.Explicitly,

~H as algebra (2) (I)
H = ‘j . . . . LIV = J~V(l)SR. ®‘R. ~U(2),4 modified comultiplication

(14)
wherer. is the quantumadjoint actionhi’b = >~h(l)bSh(

2).There is alsoa
modifiedantipode.ThusH isnot anordinaryHopfalgebrabut instead,4: H
iL~His an algebrahomomorphismprovidedff is treatedwith braidstatistics
as in (13). It is the braidedgroupassociatedto H (ofenvelopingalgebratype)
andlives in the braidedcategoryof H-modulesby the quantumadjoint action.

Thereis also a braidedgroup of function algebratypeassociatedto a Hopf
algebraA dual to H. It is

I A as coalgebra
~ modifiedproduct a~b=

(15)
It also hasa modified antipode.This A lives in the braidedcategoryof left
H-modules(or right A-comodules)by the coadjointaction

hr’a = ~(h,a(2))(Sa(,))a(3); a E A, he H (16)

(orright adjointcoaction/3(a) = ~a(2) ®(Sa(,))a(3)).WhenH is factorizable
andhasdualA, thenonefinds remarkablythatH ~ A as braidedgroups[6].
Forasystematicintroductionto braidedgroupsonecan see [29].

Armedwith thesevariousingredientwe haveshownin [6] cf. [5] that

D(H)~A>’1H (17)

whenH is quasitriangularandA is the associatedbraidedgroup of function
algebratype. The motivation in [6] was in relation to the role of D(H) as
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acomplexificationof H. Our newgoal in the presentpaperis to give the in-
terpretationof this semidirectproducttheoremas quantummechanicson the
‘braided-space’underlyingA.

2. *-Structureson braided groups

If we are to developa quantum-mechanicalinterpretationof the quantum
double,we are going to haveto work with *-algebras.The *-algebra structure
on aquantumalgebraof observablesdeterminessuch thingsas positivity of
states,the possibilityof Hilbert spacerepresentationsetc. Such *-structureson
Hopfalgebrasarewell-known sincethe pioneeringwork of [30], but the theory
of *-structureson braidedgroups(whichwe will needin latersections)hasnot
previouslybeendeveloped.This is ourgoalin thepresentsection.After this,one
mayconstructnormsandobtainoperatorversionsof thevariousHopf algebras
andbraidedgroups,alongestablishedlinessuchas in [301.

Let us recall that aHopf *-algebra is a Hopf algebrawhereH is itself a *-

algebraandA, � are *-algebrahomomorphisms.In addition,one requires (S
= id [31]. In this casethe dual, A, is also a *-algebra. Its *-structure is

relatedto thatof H via

(h*,a) = (h,(Sa)*), VheH, aEA. (18)

Now, when H is a *-quantumgroup (a quasitriangularHopf *-algebra) it is
naturalto imposeeitherof the two conditions

= R~21(real), ~ = R.’ (antireal). (19)

This isbecauseH°~hastwo naturalquasitriangularstructures,namely1~-2Iand
R~’andso onewould expectthat *: H —~ H°” shouldmap1?. to oneor other
of them.The first of thesecaseshasbeennotedalreadyin [12] andas well as
in [211 in the context of quantummechanicson the quantumsphere.

Exaihple 2.1.LezHbeaHopf*-algebra, thensoisD(H) with (a® 1)* = (5
2a)*

® 1, (1 ® h)* = (1 ® h*). Its canonicalquasitriangularstructureis antireal.

Proof Forsimplicityweconsideronlythefinite-dimensionalcase,but see[27].
We first makeH*OP (with the reversedproductof H*) into a Hopf *-algebra
with *°“ = S2 o * = * o S2 andantipodeS’ (any evenpower in place of
~2 will do herefor *°P, but this is the one that we needin our presentcon-
ventionsfor the quantumdouble).Since the quantumdoubleis generatedby
theseHopf algebrasthere is thena uniquepossibility for its *-structuresuch
that the inclusionsare *-algebramapsas stated.On a generalelementwe take
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(a®h)* = ((a®l)(l®h))* = (l®h*)((52a)*®l).Puttingthisinto(7)
andusing (18) weseethat thisis indeeda *-algebra structureon D(H):

[(a®h)(b®g)]* =

~(1®g*)(1®h(
2)*)((S

2b(
2))*®l)((S

2a)*®l)

x

=~(l®g*)(1®h(
2)*)((S

2b(
2))*®1)((S

2a)*®1)

x ((Sh(,) )* (Sb(l) )*)(h* (Sb(
3) )*)

= ~(l ®g*)(1 ®h*(2))((S
2b)*(

2)® 1)((S
2a)*® 1)

i,* 2 ~* ~,i* i 2 \*

X \11 (1), ) (t)l~” (3)’ ) (3)

=~(l®g*)((S2b)*(
2)(2)®h*(2)(2))((S

2a)*®1)

x (Sh*(
2)(,),(S

2b)*(
2)(,))

x (h*(2)(3), (S
2b)*(

2)(3))(h*(,),(5
2b)* (,))(h (

3),S(S
2b)(

3))

= (1 ®g*)((5
2b)*®h*)((S2a)*® 1)

~

For thefifth equalityweusedthedualitybetweenH* andH andtheantipodeax-
ioms.Moreover,(So*)(a®h) = S[(1 ®h*)((S2a)* ® I)] = S_3(a*)®S(h*)
so that (So *)2 = id on D(H). Sincethe coalgebraof the quantumdoubleis
the tensorproductone,it it equallyclearthat it commuteswith * as it should.

The standardquasitriangularstructure [1] in our conventionsis given by

= ~a(f”® l)®(l ®ea) where{ea} is a basisof H and{f°} a dualbasis.
~
(S®id)R. = 1Z’,wheree~= ea*isanewbasiswithdualbasisfba= S—t(f~l*)
accordingto (18).

Example2.2.Let H = Uq (su
2) equippedwith its usual *-structureH* = H,

= X~in conventionswhere[X+,X_] = (qH — q_H)/ (q — q’) with q =

ett
2 real. Its standardquasitriangularstructureoverC[ t 1] is real.

Proof This fact hasalreadybeenobservedin [12,21] but we includethe proof
herefor completeness.The standardexpressionfor 7?. for Uq(su2) is [32]

7?.— ~ — ~(t_~~2 ‘~2®X_q”12 H®H/2—q q —q q

whereeqisaq-exponentiale~= ~~
0xm/[m]]! and [m]] = ~ The

secondexpressioncoincidesusingthe relationsin thealgebra.Startingwith the



180 S. Majid / Thequantumdoubleas quantummechanics

first expressionfor 7?. we thencompute

— ~(t_~_
2)* ?X*®_I~’/2X_)*( HOH/2)*

— q* q
— (I~q~2)X_q”12®X~q”12 H®H/2
—eq q =7?.21.

Example 2.3.Let H = Uq (sl(2,EI~)) with its usual*-structureH* = —H, XI =

—X~.and with I~I= 1. Its standard quasitriangular structure over C[ t]] is
antireal.

Proof We compute

— (1~~q_ZY(qH/2X+)~®(q_H/2X)*(H®H/2)*= (t_q2)X+qH/2

— e1~2 ‘~‘2Xf®q_H/2x_ —H®H/2

= (e(l_~_2)2x+®~_H/2x_)_I qH®H/2 =

by the relationsin the algebra (to organisethe exponentof eq_i) andthe ob-
servation(er)’ = eqT~with the operatorq”I2X~® q_H12x_formally in the
role of x. Another proofis to compute7?.’ = (S®id) (7?.) directly from the
formulafor 7?. andcomparewith the third expressionfor 7?.* 0* above.

SobothrealandantirealquasitriangularHopf*-algebrasexist (in abundance).
We areinterestedmainly in the realcasefor the following purpose:

Definition 2.4.Let H be a real-quasitriangularHopf *-algebraandC its braided
categoryof representations.A real Hopf*-algebraB living in this categoryis a
Hopf algebrain the category(so A: B —~ B®B to the braidedtensorproduct
algebra)suchthat

(a) *: B —~ B is a *-algebrastructureon B (so it is antilinear, (*)2 = id and
(bc)~= c±~b~).

(b) 4 o * = to (*® *) o A wherei is usual transposition,and ~o * =

(c) S o * = * o S whereS is thebraided-antipode.
(d) The actionofH on B obeys (hr~b)~.= (Sh)* ~b~-for h E H, be B.

Although the mostgeneralaxiom systemfor *-structureson Hopf algebras
in braidedcategoriesis not known, the notion introducedhereis relevantfor
ourquantum-mechanicalpurposesandwe will seenext thatit doeshold for the
braidedgroupsH, A in thepreliminaries.Both the productandcoproductare
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skewwith respectto *. Onecaneasilyseethat given (a), (d) in definition 2.2
the braidedtensorproductalgebraB®B hasthe *-algebrastructurecf. [21]

±B®B= TO (~®~)

when7?. is real. In thesetermstherelevantpartof condition (b) is equivalentto
(b)’ 40* = ~B®B ~

Proposition 25.If H is a real-quasitriangularHopf *-algebra then the braided
group B = k/i with ~ = * is a real Hopf*-algebra in the braidedcategoryof
H-modules.

Proof The quantumadjoint actionof H on H (which we identify with H asa
*-algebra) alwaysobeyscondition (d) for anyHopfalgebraH since,

(h >b)* = ~(h(,)bSh(2) )* = ~(Sh(2))*b*h(,)* =

= ~(S_~h*(2))b*SS_lh*(,) = ~(Sh)*(,)b*S(Sh)*(2) = (Sh)*~b*.

Forcondition (b) wecompute

(* ® *)4b = >(b(,)S7?.
12~)* ®(7?.~’~~‘b(

2))

= ~ (57~(2))*b* ®(S’R
11~ )* r~b(

2)*

=

= ~7?(l)b* ®~(
2)b*5~(2)

= ~7?.(~)7?!(~)b*(,)®7?!12~b(
2)s7?.~

2~

=

= > 7?)~~(I)b (
2)S7?.

11~(
2)®

= To4b*.

Here 7?.’ is a secondcopy of 7?. andwe usedthe axioms (9) freely as well as
(S®S) (7?.) = 7?.. The braided-counit c coincideswith the usualone,so like the
algebrastructure,it automaticallyhasthe requiredproperties.For the braided-
antipodewe computefrom the expression [10] Sb = ~7Z~

2~u’S(7?.(’~b)
whereu~= ~7?(2)S27?.(1),

* o Sb = ~(S’ (b*7?.(i)*) )u_h7Z(2)* = ~(S’ (b*7?.(2) ) )u’R.~’~

= ~(S~7?.~2~)u’ (Sb*)SS_h7?.~)= ~7Z(2)u_~S(7?~~)b*)= So *b.

Hereu_l* = ~(S27?.(1)*)7?.(2)* = S2(u’) = u1 when??.is real.
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Proposition 2.6.Let A be the dual ofa real-quasitriangularHopf *-algebra H.
The braided group B = A with * = * o S is a real Hopf*-algebra in the braided
category of H-modules. Similarly when A is dual quasitriangular and 4, lives in
the braided categoryofA-comodules.

Proof First we verify that A as an H-moduleunder (16) obeysthe required
condition (d) (for anyHopf algebraH with dualA). Indeed,

(ht’a)~ = *oS~a(2)(h,(Sa(,))S’Sa(3))

= ~ (Sa)(2) *(h (Sa)(3)S~(Sa)~

= ~ (Sa)(2)( (Sh)*, (S(Sa)U)*)(Sa) (3)

~ * /(C’! \* IC’ * \ *
= a—(2) \ ;~~)fI/ , ~~.)a—(,))a—(3)

= (Sh)*~a~.

Next,the quasitriangularstructureon H inducesadualquasitriangularstructure
1?.(a®b) = (7?.,a®b). From (18) and (S®S)(7?.)= 7?., one finds that the
reality conditionin thesedual terms is

7?.(a*®b*) =7?.(b®a). (20)

Thestructureof A wasrecalledin termsof this7?. in thepreliminaries.We have

(a.b)~= *oS(a.b) =

= ~a(2)—b(2)—7Z((Sb(,)) ®(S(Sa(3))*)(Sa(,))*)

=

= ~ a—(2)b—(l)7?.(b—(2) ®(Sa~(,))a~(3))

= ~a—(2)b—(l)7?.(b—(2)®a—(3))7?.(b—(3)®Sa~(l))

= ~7?.(b~(,) ® a—(2))b—(2)a—(3)7Z(b—(3)®Sa~(,))

= ~ ®Sa~-(,))

= b~•a~-

usingthe properties(10), (11) of)?.. It is evidentthat (*)2 = id andcondition
(b) hold sinceA is a Hopf*-algebra.

Clearly, the proofof the precedingpropositionholdsfor anyreal-dualquasi-
triangularHopf *-algebra (A, 7?.: A ® A —~ C), with A living in the categoryof
right A-comodulesby the right adjoint coaction (this is slightly more general
thansayingthatA is dual to someH).
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Proposition 2.7.In thefactorizablecaseofproposition2.6, theisomorphismQ: A ~
H dueto the quantumKilling form is a *-isomorphism.

Proof ThemaphereisaeAmapstoQ(a) = (a®id)(Q) whereQ =

In the real casewe haveQ*® * = Q andhence

Q(a~-)= ~( (Sa)*, Q(l))Q(
2) = ~ (a,Q(1)*)Q~2~**= (Q(a) )*~

This homomorphismQ is a homomorphismof braidedgroups [6], and we
seenow that as suchit is a *-homomorphism.In the factorizablecaseit is, by
definitionan isomorphism.

The processof transmutationof a dual quantumgroup into abraidedone
works alsoat the level of matrix bialgebras.The braidedversionof the FRT
bialgebraA(R) [33] is the braidedmatricesB(R) introducedin [20]. These
havematrix generatorsu’~with relationsandbraided-coproduct

R
2,u,Ru2 = u2R2,u,R, Au = u®u, fU

1~= ô’~. (21)

The relationsthatariseherehavebeennotedin variousothercontextsalso.

Corollary 2.8.Let R e M~® M~be a matrix solution of the QYBEof real-type in
the sense _____

R’
1

1~
1= R’k~j, i.e., ~ = R21.

Then
u’~= u~,

makesB(R) a real-braidedmatrix *-bialgebra in thesenseof(a),(b),(d)ofdefi-
nition 2.4.

Proof We first motivatethe definitions.Thus,considerthedualquantumgroup
A obtainedas aquotientof theFRT bialgebraA (R) with a matrixof generators
t’~andrelationsRt,t2 = t2t,Rasin [33]. It is easyto seethat if R is ofreal-type
thenthecompactmatrix-pseudogroup*-structuret’1 * = St’, asin [311isalways
compatiblewith the FRT relations— we assumethat it descendsto the Hopf
algebralevel of A also.Next, wehaveshownin [25, section3] (in someform)
thatA (R) is indeeddualquasitriangular,i.e. thereexists7?.: A(R) ® A (R) —p C
obeying (10), (11). It is 7?.(t~1® tkj) = R’1

1’
1 extendedaccordingto (10), and

we assumethat it descendsto 7?. : A ® A —~ C. That this 7?. is real in the sense
abovecorrespondsto

Ri1t~~1= 7?.(t~~® tk1) = 7?.(tk1* ® t’1”) = 7?.(St’k ® Sty,) = 7?.(t’k ® t~’,)

= R
1k~j.

This is the reasonfor the conditionstated.Assumingthat R is of real-typewe
havefor the correspondingA as a quotientof B(R) the *-structure~ = * oS =
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o * from proposition2.6. Here the generatorsof B(R) areidentified with
thoseof A(R), u = t (but not theirproducts).Hencewehaveu’1~= S~t’f~=

= u
3

1. This is the reasonfor the definitions.
Moregenerally,weadoptthisdefinitionof* atthelevel of thebraidedmatrices

andverify directly thatB(R) obeys (a),(b) in definition 2.4 as abialgebrain a
braidedcategory.Thus,to seethat* definesa *-algebrastructureon B(R), we
write out its definingrelations

(R2,u,R12u2Y/’1 Rka1but~cRdjadu~hl

= ukaR0b1cucdR~~jb/ (u2R2,u1R,2)11k1.

Applying * to thisandusingthatR is of real-type,we obtainthe samerelations
in the form

(u2R21u,R,2)~/k = ~

= Rl’bidu~icRc/)au0k = (R21u,R,2u2)1/~.

This meansthat * indeedextendsto B(R) as a *-algebra structure.Finally, it
obeys

= Au
3

1 = u~k®u”~~= u’~J~~®u’k~=

Finally, thecondition (d) makessensefor actionof aHopfalgebraU(R) dualto
A (andcanbecheckedassuch).Alternatively, it canmoredirectlybeverified in
acorrespondingformfor theright coactionof A, whichtakesthe form /3(u’1) =

u’~b®(StIa)tbj.

If A = Gq is thequantumgroupobtainedfrom A (R) for thequantumfunction
algebrasassociatedto the standardsemisimpleLie algebrasas in [331(suchas
SLq(n)) thenthecorrespondingA = BGq is the braidedgroupof functionalge-
bratype.It isaquotientof theB(R) modulosuitabledeterminant-typerelations.
In thiscasethereis a braided-antipodeand* descendsto a real-matrixbraided
group structureon BGq. This follows from proposition2.6 as explainedin the
precedingproof. For example, the braidedgroup BSLq(2) computedin [20]
now becomesa real *-braidedgroupBSUq(2) with the *-structureabove.Bear-
ing in mind that the braidedgroupsof function algebratype are in a certain
sensebraided-commutative,we seethat we canthink of BSUq(2) as the ‘ring
of functions’ on somekind of braided3-sphere.On theotherhand,becausethe
transmuted*-structureis HermitianthisS

3 hasbecomeaLorentzianonerather
thanthe Euclideanonethat we beganwith in the form of SUq(2). Themotiva-
tion for theseinterpretationsisthewell-knowntheoremof GelfandandNaimark
thatanycommutativeC*~algebraisthe functionson somelocallycompactspace.
Finally, a corollaryof proposition2.7 is
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Corollary 2.9.Let Uq (g) be a standardquantumgroup in FRTform withgener-
atorsL = l~Sl—.If the correspondingR-matrixis ofreal-typethen

LI~* = L3
1

definesa real-quasitriangularHopf*-algebra structureon Uq (g). This is thecase
for thestandardcompactrealform ofUq (g) at real q.

Proof Fromproposition2.7 wehaveBUq (g) ~ BGq as *-braidedgroups.The
generatorcorrespondingto u in the isomorphismis L = l+Sl as explained
in [6], giving the stated*-structurefor BUq (g). But thiscoincideswith Uq(g)
as an algebra.A short computationshowsthat the standardR-matricesasused
in [33] are of real type if q is real and that this gives the standardcompact
Uq(g) *-structure. It is alsoknown from generalcategory-theoreticalgrounds
that the standardcompact*-structuresOfl Uq(g) arereal-quasitriangular[12].

Note thatevenfor non-standardR of real type, the definition

/01* = Sl~’~ (22)

is compatiblewith the relationsof the bialgebraU(R) in [25, section3] and
if it descendsto the Hopf algebraquotient U(R), will definea Hopf *-algebra
structurewith L* = Lt as above.Herethe *-structureon Uq (g) or U(R) forms
a Hopf *-algebra. It specifiesa realform of the quantumgroupas asymmetry
(suchas angularmomentum).

3. D(H) as a quantum algebra of observables

In this sectionwe applythealgebraicresultsof the precedingsectionto give a
quantum-mechanicalpictureof the quantumdouble.We beginby recalling the
relevantdefinition of quantizationaccordingto the crossproductconstruction
of Mackey. In theclassicalcaseit canbeunderstoodin moreconventionalterms
as quantizationof Poissonbracketsetc., but this neednot concernus now. It
hasan obviousgeneralizationto dealwith q-groupson q-spaceswhich we will
thenuse.

Thus,let X be amanifold andGa Lie groupwith Lie algebrag, actingon X.
We considerthe quantizationof a particleon X moving (on orbits) according
to the actionof G (in nicecasesthereis a metric on X suchthat this motion is
geodesicmotion). The positionobservablesarefunctionsC(X) (for example,
the C*~algebraof functionsvanishingat infinity whenX is locally compact),
while the momentumobservablesare elements~ of g. They are constantsof
the motion. Quantizationof the systemmeansto find a *-algebra A (usually
a *-subalgebraof operatorson a Hilbert space) containingthe position and
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momentumobservablesas *-subalgebrassuchthat

e~fe~= a~~~(f), ae~t(f)(x) = f(~e~rt(X)) (23)

wherea denotesthe actionon X andalso the inducedactionon f e C (X),
and denotesthe embeddingsof the positionandmomentumobservablesin A
(the quantizationmaps).This requirementisjust a co-ordinate-freeversionof
the usualHeisenbergcommutationrelations,for it saysthat conjugationby the
exponentiatedmomentumin the quantumalgebraimplementstranslationon
the underlyingpositionspace.

On theotherhand,thereis a universalsolutionto thisquantizationproblem.
It is the crossproductalgebraC(X) >1 G by a. Here,for convenience,we have
shiftedfrom the Lie algebrag (or its envelopingalgebraU(g)) to the group
*-algebraCG generated(roughlyspeaking)by elementsof G. This is for con-
veniencesincesuchexponentiatedelementstendto berepresentedby bounded
operatorsratherthanunboundedones.This is a standardconstructionin the
theoryof operatoralgebras(thereis alsoavon Neumannalgebraversion) and
X andGneedonly belocallycompactratherthansmoothmanifolds.Any other
quantizationA is merely a *-representationof this crossproduct.The construc-
tion is roughly equivalentto Mackey’s theoryof systemsof imprimitivity [7].

ManyauthorssinceMackeyhaveindependentlyrediscoveredthis asa natural
methodof quantizationof homogeneousspaces.See[9] for theversionrelevant
to the presentconsiderationsof Hopfalgebras.Specifically, wenotedtherethat
the notion of crossproductis well-known to makesensewhenG is replacedby
anon-cocommutativequantumgroup H suchas (the operator-algebraversion
of) Uq(g), andC(X) by somenon-commutative*-algebra. We havealready
given a canonicalexampleof thistype [9, example4.7] wherethe crossproduct
quantizationhappensagainto be a Hopf algebra.We want to pursuethis now
for the quantumdouble.

Thus,wetakeforour‘positionfunctions’ somenon-commutative*-algebraB,
typically aq-deformationof someC(X). Forsimplicity,we assumeit is unital.
We supposethat thereis an actiona ~of a Hopf*-algebraH on B suchthat

1z~(bc)=

ht’l =e(h)l, (hr,b)* = (Sh)*c~b*, heH, beB. (24)

The first conditionsarethe Hopfalgebraanalogueof theconditionthatH acts
‘by automorphisms’of B andmeansthatwe can form a crossproductalgebra
B >1 H as explainedin the preliminaries.It indeedhasB, H as sub-algebrasand
crossrelationsin the equivalentform

~(1®h(,))(b®l)(1®Sh(2))=(ht’b®1), heH,beB. (25)

Thelastconditionin (24) isa‘unitarity’ conditionarisingfrom therequirement
thatB >1 H is a *-algebrawith B, H as *-subalgebras(just apply * to (25) and
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requirethat we obtain (25) againfor ((Sh)*,b*)). Thisconditionhasalready
beennotedin [21] whereB is the quantumsphereandH = Uq (su2).Whenit
holds,B>~H becomesa *-algebra.We havealsoencounteredbothconditionsin
section2. Thequantizationmapsb = b ® 1 andh = 1 ® h arethenembeddings
of B,H and in termsof them,and (25) becomes

~ beB,heH (26)

as a generalizationof (23).
We havealreadyseenin proposition2.5 thatthequantumadjoint actionof H

on itself obeys(24), so H >1H by thisis a *-algebra.Likewise for severalother
canonicalactionssuchas the left coregularactionof H* on H. The latter has
quantizationgivenby the crossproductH* >1 H (generalizingthe Weyl algebra
on a group). Here H* >1 H ~ Lin(H) but is not in generala Hopf algebra.
Moreover,wehaveseenin proposition2.6 that the coadjointactionof H on A
alsopreciselyobeysthe conditions (24). This is the form thatweneed.

Corollary 3.1.If H is a real-quasitriangularHopf*-algebrain thesenseW® * =

7?.21 thenA>ilH is a *-algebra crossproductasabove(a quantization).It is a Hopf
algebra isomorphicto D(H).

Proof Thisfollows atoncefrom proposition2.6. HereA hasits *-algebrastruc-
ture * andH actsby the quantumcoadjointaction. The *-structureon A >~H,
which is the onerelevantto the generalizedMackeyquantizationmakesA and
H *-subalgebras.The isomorphism0 : A>IH —~ D(H) wasobtainedin [5,6] as

0(a®h) =

0’(a®h) = ~ (27)

This isomorphisminducesa*-algebrastructurein D(H) but notethatit is quite
differentfrom that in example2.1 wherethe subalgebrasH*OP andH were *-

subalgebras.In fact, the quantummechanical*-structurefrom A >1 H doesnot
naturallyform a Hopf *-algebra— this is evidentfrom the explicit form of the
coproductof A >~H givenin [6] as

A(a®h) = ~a(,) ®7?.~
2~h(l)®R~~’a(

2)®h(2). (28)

This is acrosscoproductby coaction /3 (a) = 7Z21 t’ a wherethe secondfactor
of 7?.2, actson a in A by the quantumcoadjointaction.

We concludefrom this thatD(H) in this caseis the algebraof observables
for the quantizationof a particleon the non-commutativespaceB = A with
momentumgiven by the quantumgroup H. This is a very generalresult. We
concentratenow on the matrix casewhere H = Uq (g) is in FRT form with
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generators/±anddualGq of functionalgebratype.We havealreadyrecalledthe
braidedgroupsBGq from [20] as quotientsof the braided-matricesB(R) with
matrix generatoru (seethe endof section2).

Corollary 3.2.BGq >1 Uq(g) withq real is a *-algebra crossproductdescribinga
quantumparticle withpositionsobservablesBGq andmomentumUq(g), andis
a Hopfalgebra isomorphicto D ( Uq(g)). Explicitly, it has matrixgeneratorsu
ofBGq andl~ofUq(g) with crossrelations andcoproduct,

Rl~u1= u1Rl~, R~’l~u,= u1R~,’l~,

Al
0 = l+®/± Au =

where 7?. = ~ 7?.(1) ® 7Z (2) is the universalR-matrixand~ is thequantumadjoint
action. The*-structuresareu1

1~-= u~1,/+l.* = 5/03

Proof This is a special caseof the last corollary. The quantumcoadjointac-
tion on BGq coincideson the matrix generatorswith thaton Gq (andwith the
quantumadjoint actionon L in Uq(g)). It comesout as in [6] as

~ U’1 = R’ iakbUacRCIbi, ~~i1 ,~u~~1= R10k~ub~R_~0Jc/ (29)

giving the relationsshown,while the isomorphism(27) of the resultingcross
productwith D ( Uq (g)) comesout as

0(l®l~) = l®l~, O(u’~®l)= t
1a®Sl°j. (30)

Thesestepsare similar to thosein [6, section4]. Also, from corollary 3.1, it
follows thatwehavea *-algebracrossproductwhenq is real. We can alsoverify
thisdirectly usingthe reality propertyof the R-matrix in corollary2.8,

(l~~~‘ u’
1 )~= R~I0k~(uac)~RCjbi= R

1 UcRlbka. = l’k t~U~

= (5/+k

1)*~(ul.)~

andsimilarly for 1. Note that usingthe axiomsfor 7?., one canalsocompute
the coproductfurtheras

Au = (~u72)®i~l)u)7?.~,1, (31)

wherethe 7?. live in the tensorsquareof Uq (g).

This completesthegeneraltheory.To all the compactLie groupdeformations
we haveassociatedquantumsystemsisomorphicas algebrasto the quantum
double. The position spaceis not an ordinarygroup or quantumgroupbut a
braidedone. Moreover, its *-structureneededfor our interpretationis trans-
formed in the processfrom unitary to Hermitian in its generalcharacter.We
concludenow with the full details in the simplestcase,namelyg = su2.
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Firstly, the position observablesis given by the algebraBSUq(2) with four
generators(the matrix ‘coordinates’)andrelations[20]

ba = q2ab, ca = q2ac, da = ad,

bc = cb + (1 —q2)a(d—a), (32)

db=bd+ (1—q2)ab, cd=dc+ (l—q2)ca, (33)

ad—q2cb = 1, (34)

andequippednow with Hermitian*-structureas quotedin the introduction.If
wewrite new self-adjointgenerators

—‘ b+c b—c
x
0=qd+q a, x1= 2 x2=—~—-—, x3=d—a (35)

thenx0 (the time direction) is centralandthe left handsideof (34) is

ad—q
2cb= (q

2~1)2xo~xi~x2

(q
4 + l)q2 2 (q2— l’\2q 36

— 2(q2 +
1)2x3 + ~q2 + 1) ~x0x3

so that settingthis braided-determinantequalto 1 meansthatour positionob-
servablesarea q-deformationof ahyperboloidor 3-spherein Minkowski-space.
This *-algebracanbedenotedBS~for this reason.

Secondly,ourmomentumgroupis Uq (su2)with its usual*-structure.Its action
on the positionobservablescomesout from the abovetheoryas [20]

~a b\ (—q
312c —q’12(d—a)\ __ nía b\ (0 1

X+~c d) = ~ 0 q”2c ) L~c d)’~0 0 (37)
(a b\ / q’12b 0 ~ __ r(a b\ íÜ 0\1

X_~c d) ~q_h/2(d_a) _q_312b) ~‘ L~c d)’~i o)] (38)
~a b\ ,‘ 0 —2b\ _ na b\ /1 0 \1

H~ d) = ~2c 0 ) “ L~c d)’~0 —1)]’ (39)
wherethelimits areasq —~ 1. Thesemakeclearthatouractionisaq-deformation
of the oneinducedon the generatorsof the ring of co-ordinatefunctionsby the
adjoint action. At thegrouplevel thisis the usualactioninducedon C (S~jjr)by
conjugationin SL

2. The orbits of this arespatialspheres.
The quantizationof this systemas a *-cross product is then isomorphicto

the quantumdoubleD ( Uq (su2)). Thusthe quantumdoubleshouldbe viewed
as a q-deformedversionof quantummotion on spheres.Of course,in theq-
deformedsetting thereareneitheractual pointsnoractual orbits in the usual
sense.Moreover, one hasto quantizethe spherestogetheras a foliation of a
hyperboloidin Minkowskispace(ratherthanthemoreobvioussettingofspheres
in Euclideanspace)for this interpretationto work in the q-deformedcase.
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This completethe detailsof the simplest model as discussedin (1) in the
introduction.We notethattheq thatentersinto the non-commutationrelations
(32), (33) shouldbe thoughtof as dueto braidstatisticsandnot due to any
quantization[20]. This is becausethe braided-groupfunction algebrahere is
in a certainsensebraided-commutative(cf. the super-commutativityof the co-
ordinatering for supergroups)and this is expressedby theserelations.This
pointof viewjustifiesour useof BSUq(2) = BS~as the classicalpositionspace
before quantization.The quantumgroup Uq (su2) is likewise to be viewed as
somekind of deformation,rather thanquantization,of the classical angular
momentumU (su2).AlthoughBSUq(2) andUq (su2)arethe sameas *-algebras,
their interpretationandcoproductsarequite different.The quantumdoubleis
thenthe Mackey-typequantizationof thisq-deformedsystem.

Finally, we notethatthe modelsabovecaneasilybe extendedusingthe same
techniques.For example,we canrelax (34) andtherebytake for our position
spacea q-deformationof Minkowski space.In thiscasethealgebrais isomorphic
to the degenerateSklyaninalgebraas explainedin [61 wherealsothe actionof
Uq (su2)is given. The momentumgroupcanalsobeextendedfrom Uq (su2) to
its quantumgroup complexification.For this onecan takethe quantumdouble
D(Uq(su2)) regardedthis time as a q-deformationof the Lorentz group [3].
This systemwill be exploredelsewhere.

4. The dual of D(H) as anotherquantumalgebraof observables

The strikingconsequenceof an algebraof observablesbeingaHopfalgebrais
that its dual (definedsuitablyin the infinite-dimensionalcase)is also a Hopf
algebra.But is this thealgebraof observablesof someotherquantumsystem,
dual to the first?This was the casein the modelsin [9,14—16]andwe will see
that it is the casehere alsofor the quantumdouble.The main reasonis that
A >1 H (isomorphicto the quantumdouble)hasa crossedstructurenot only as
an algebrabut alsoas acoalgebra.

The axiomsfor the crosscoproductcoalgebrastructurewere recalledin the
preliminariesandarebasedon a left comodulecoalgebrastructureobeying (5)
anddual to thosefor a left crossproductalgebraB >1 H as in (3). Here it is
an elementaryfact that a left H-modulealgebraB with action,~:H ® B —* B
dualises(at leastin the finite-dimensionalcase)to a left A-comodulecoalgebra
C with coaction/3: C —* A ® C whereC is the coalgebradual to the algebraB
andA aHopfalgebradual to H. Likewiseviceversa.Henceif, as for the double,
B is both a left H-modulealgebraanda left H-comodulecoalgebrathenC is
bothaleft A-comodulecoalgebraandleft A-modulealgebra.Moreover,if B >i1 H
with theresultingcrossedalgebraandcoalgebrastructuresturnsout to beaHopf
algebra [34], clearly the dualalgebraandcoalgebraC >1 A is thenalsoa Hopf
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algebra.Applying thisto thefull Hopfalgebrastructureunderlyingcorollary 3.1
we obtain

Proposition4.1.If A is an antirealdual-quasitriangularHopfalgebradual to H
then (H)°”I°P>1 A is a *-algebra crossproduct, isomorphicto D(H)* as a Hopf
algebra. Here (H) OP/OP denotesthe braidedgroup H with the oppositeproduct
andcoproduct.

The detailedproofhererequiresus to computethe relevantdualas (4,)* =

as well as to analysethe conditionneededfor the resultingactionof
A (as obtainedby dualization)to obey the unitarity condition as in (24) in
order to havea *-algebra crossproduct.We do this now, but in somecleaner
conventionsthatavoidtheuseof ( )01’10P andcorrespondingcomplexitiesin the
formulae:theseareall avoidedif in the courseof dualizationwe makea further
switchfrom left-modulesandcomodulesto right-modulesandcomodules.Thus,
for ourexplicit presentationofresultsin thissection,we nowswitchoverto these
right-handedconventions.

Firstly, C is a right A-modulealgebra(whereA is a Hopf algebra)if < is a
right actionand

(cd)<a = ~(c<a(l))(d~ia(2)), 1~ia = �(a)l. (40)

In thiscase,thereis a crossproductalgebraC >~A with

(c®a)(d®a’) = ~(c<a’(2))d®a(a’(l)). (41)

Next, C is a right A-modulecoalgebraif it is a coalgebraand*1: C ® A —* C is
acoalgebramap.It is aright A-comodulealgebraif it is an algebraandthereis
a right comodule/3: C —~ C® A which is an algebramap. Finally, it is a right
A-comodulecoalgebraif it is a coalgebraand/3 is a right comoduleobeying

(Ac®id)f3(c) =

(�c®id)/3(c)= l�c(c), (42)

where/3(c) = ~ c~’~® c~
2~e C® A. In the last casethereis a crosscoproduct

coalgebraC >~A with

A(c®a) = ~c(l)W®a(,)®c(
2)®a(2)c(l)~. (43)

Thissummarisestheright-handedversionof theformulaein thepreliminaries.
Also, if A is a Hopf*-algebraandC anA-modulealgebraand*-algebra,forthe
crossproductto bea *-algebracontainingA, C as *-subalgebras,werequire

(c~1a)*= c*,1(Sa)*. (44)

This is the right-handedanalogueof the unitarity conditionin (24).
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Proposition 4.2.(Cf [34].) Let A be a Hopfalgebra. If (C,A) is both a right A-
module algebra and coalgebra, and a right A-comodu/ealgebra and coalgebra
and

4(cd) = ~c(l)d(,)~®(c(
2) ~d(l)~)d(2),

~ ~ = ~c~’a(,) ®c~~a(2)

alongwith41 = 1 ® 1 etc.,anda convolution-inverseoftheidentity C —~ C, then

C >1 A by thecrossproductandcoproduct, is a Hopfalgebra.

Proof This is nothing more thana right-handedversion of an observationof
Radfordin [34]. Namely, as C is an A-modulealgebra,we havean associative
crossproductC >1A, andsinceit is anA-comodulecoalgebra,we havea coasso-
ciative crosscoproduct.Theremainingconditionsensurethat thesefit together
to form aHopf algebra.This is an elementarycomputation.In fact, thereis a
simple way to do all thesedualizationcomputationseasily, by diagrammatic
methods[29].

To understandwhy theseright-handedconventionsare appropriatein the
dual, notefirst that the assertionthatB is a left H-modulealgebraor coalgebra
is equivalentto theassertionthatits productor coproductmapsareintertwiners
for the actionof H, that is thatB lives in the categoryof H-modules.In this
settingB hasa naturaldualB* whichalsolivesin thesamecategory.As alinear
spaceit coincideswith the usual dual B*, but has the oppositecoproductor
productto the usualone,

B* = B*0P/0~). (45)

Moreover,B* is againaleft H-moduleundertheaction(h ~‘ f, b) = (f, (Sb)~‘ b)
for all b e B, f eB*.

Lemma 4.3.Let H be afinite-dimensionalHopfalgebra with dual A. If B is a
finite-dimensionalleft H-modulealgebraandH-comodulecoalgebra,such that
B >~H is a Hopfalgebra, thenC = B* is in thesituationofproposition4.2 and

C>’IA = (B>IIH)* ~ (B>IH)*.

Proof Onecanseeeasilythat if B is aleft H-module (algebra,coalgebra)then
B* is a left H-module (coalgebra,algebra).Also, a left H-comodule(algebra,
coalgebra)definesaright A-module (algebra,coalgebra)by usualdualization,
whereA is dualto H. Likewise, a left H-module (algebra,coalgebra)is equiv-
alently a right A-comodule(algebra,coalgebra).Combiningtheseelementary
observations,we see thata left H-comodule(algebra,coalgebra)B hasas its
categoricaldualB* aright A-module (coalgebra,algebra),andaleft H-module
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(algebra,coalgebra)hasas its categoricalduala right A-comodule(coalgebra,
algebra).Explicitly, the two arerelatedby

= (c, (Sh)~b), (b,c~i(Sa))= ~(a,b~’~)(c,b~) (46)

for all b e B, c e B*, h e H anda e A = H*. Fromthis andan elementary
computation,oneseesthatif B>ilH is aHopfalgebra(its moduleandcomodules
structuresobey the original left-handedform [34] of the conditionsin proposi-
tion 4.2) thenthe right handedC >~A is also aHopfalgebraby the proposition.
Its naturalpairing is with (B >1 H)* by the map

C>~A—* (B>~H)*, c®a ~ (c®S’a,);

((b®h) (b’ ®h’), c®5’a) = ~(b, c~)(h(,)~b’, cW)(h’,5’a(,))(h(2),5’a(2))

=

= ~(b’ ®h’®b®h,cW”~®S’a(,)®c~®S’(a(2)cW~))

= (b’®h’®b®h,(id®S’ ®id®S’)Ac)~1Ac®a)

(b®h,(id®S’)((c®a)(c’®a’))) =>(b®h,(c*la’(2))c’®(S’a’(,))S’a)

= ~(bW,c’)(b~_~,c~1a’(2))(h, (S’a’(,) )S’a)

= ~ c’)(S’a’(2),b~(b,c)(h(,),S’a’(,))(h(2),S’a)

= ~(c’®S’a’®c®S’a,bm®b~~h(,) ®b~~~®h(2))

= (c’®5’a’®c®S’a,AB)4Hb®h)

whereABb = ~b~®b~ andAcc = >cW®c~ with C = B* as in (45).
Note thatbecauseB >1 H is aHopf algebra,its usualdual (B >~H)* and (B >‘l
H)*OP/0P areisomorphicvia the antipodeof (B >1 H)*.

There is asimilar result in the settingof dually-pairedHopf algebras.This
takescareof the generalconstructionsof which the quantumdoubleand its
dual (aswe will see) are examples.We are now ready to studythe situation
when H is quasitriangular,with quasitriangularstructure7?., or slightly more
generallywhenA is dualquasitriangularwith 7?. e (A® A)*. The way that the
crossproductandcoproductstructureof D (H) wasfound in [5] was to show
that if B is an H-module (algebra,coalgebra)then7?. can be usedto also make
B an H-comodule(algebra,coalgebra)andthis led to B >1 H as a Hopf algebra.
The correspondinglemmain the duallanguageof (A,??.) is

Lemma 4.4. (Cf [5,24].) Let (A,??.) be dual quasitriangular.If C is a right A-
comodule (algebra, coalgebra) then

c~ia= ~cW7Z(c~®a).
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makesC also a right A-module(algebra, coalgebra)and the secondcondition
statedin proposition4.2 is satisfied.If C is a Hopfalgebra living in the braided
categoryofA-comodulesthenC >1 A is a Hopfalgebrabyproposition4.2.

Proof The first part is nothing other thana dual versionof an observation
first madein [5, Prop. 3.1], andin any casefollows at oncefrom (10), (11).
The secondpart is nothingother thana dual version of [24, Thm 4.11 (and
correspondsto turningthe diagram-proofsthereupsidedown). It is also easy
to seedirectly: For C aHopf algebraliving in the braidedcategoryof right A-
comodulesthe conditionthatA: C —* C®C is analgebrahomomorphismto the
braidedtensorproduct [11],

4 (cd) = > cWd(,~® c~~d~7?.(c~~® dw~) (47)

reducesin thepresentcontextto the firstconditionof proposition4.2. Hence,we
havea biproductC >1A forming aHopfalgebra.Note thatthe usualdualization
of [24, Thm 4.11 is obtainedtrivially by dualizingthe relevantstructuremaps
(andadaptingto the infinite-dimensionalcase),anddoesnot requiretheright-
handedtheoryabove.

Lemma 4.5. (Cf [35].)Let H bea quasitriangularHopfalgebra with dual A and
associatedbraided groupsH, A. Then we haveasHopfalgebrasin the braided
categoryofH-modules,

H (A)*

Proof We considerthe mapH —~ (A)* by b ~ (Sb, ) anduse(14), (15) to do
all our computationsin termsof the usualHopf algebrasH, A. Then

(Sb,a.a’) = ~(Sb(2),a(2))(Sb(l),a’(2))7Z((Sa(,))a(3) ®Sa’(,))

= ~((S7?.~’~(1))(Sb(2))7?.
1’~(

2),a)((S7?.~
2~)Sb(,),a’)

= ~(S(b(,)7Z12~),a’)(S(S’7?.~’~(
2)b(2)7Z~’~(U)~a)

= ~(S(b(,)S7?.~
2~),a’)(S(7?.~’~(,)b(

2)S7?.~(2) ),a)

= ((S®S)Ab,a’®a),

as required.Thepairing (Sb® Sb’,Aa) = (S(b’b), a) is easiersincethe product
of H and the coproductof A coincide with the usual ones.Likewise for the
pairing of the unitsandcounits.We alsocheckthat the map(S( ), ) is indeed
a morphismin the categoryof H-modules,

((S(ht~b),))(a) = (S(hi’b),a) = ~(h(,)bSh(2),Sa)

= ~(Sh(l),a(3))(b,Sa(2))(S
2h(

2),a(l))
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= ~(Sb,a~’~)(Sh,a~) = (Sb, (Sh)i~a)

= (hi~(Sb,))(a)

wherethe naturalactionon f e (A)* is (h r f) (a) = f((Sh) r. a) as explained
above.

Puttingtogetherthesevariouspreliminaryfacts,weobtain

Proposition 4.6.Let H be an antireal-quasitriangularHopfalgebra with dual A
as in section2, andH thebraidedgroup associatedto H (herek/i coincideswith
H asa *-algebra). ThenH >i1 A is a (right handed)*-algebra crossproduct,andis
a Hopfalgebra isomorphicto D(H)*. Heretheaction ofA on H is

b<a = ~7?.~’1r~b(7?.12~,a)

where~ is thequantumadjoint action.

Proof The generaltheoryhasbeenestablishedabovein the requiredform. We
concludefrom thisthatH)IA is aright-handedcrossproductandcoproduct,and
forms a Hopfalgebradual to the left-handedA >1 H in corollary 3.1. It remains
only to seehow the action,coactionandisomorphismlook explicitly andto see
the conditionneededfor a *-algebrastructurefor the crossproduct.From (46)
we have

(S(b~a),f)= ((Sb, )~a,f)= ~(S’a,7?.12~)(7?.~’~f,Sb)

= ~(Sta,7?.(2))(f(
2),Sb)(7?.W, (Sf(1) )f(3))

= ~(7?.~
2~,a)((Sf)(

2),b)(7Z
1’~,(Sf)(I)S(Sf)(3))

=

for all f e A. Fromthis weconcludethe form shown.In asimilar way wecan
obtainthe right coactionof A on H dualvia (46) to the left coadjointactionof
H on A. It comesout as determinedby

~bW®(b~,h) =h~.b VheH, beH (48)

andis necessarilyrelatedto the right action~ as in Lemma4.4with C = H.
In asimilarway onecantracethroughthe definitions to deducefrom thedual

of (27) the isomorphism0 : H>~A—* D(H)* as,

O(b ®a) = (7?.~2~e

0(,),a) (S7?.~’~) (ea(2)~b) ® f~ (49)

where {ea} is a basisof H and {f°} is a dual one. This is obtainedfrom
the isomorphismsH >1 A ~ (A)* >1 A ~ D(H)* ~ D(H)* by Lemma4.5,
Lemma4.3 andcorollary 3.1. The first isomorphismis via (S ( ), ), the second
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via (id®5’, ), thethird via the adjoint of (27) andthe last via the adjoint of
the antipodeof D(H). Thus,

(O(b®a),a’®h) = (b®a, (S®S’) o 0~’0SD(H)(a’®h))

= (b®a, (S®5’)oO’((l®Sh)(S’a’® 1)))

= ~(b®a, (S®5’) o 0’(S’a’(2) ®Sh(2)))

x (Sh(3),a’(3))(h(l),a’(,))

= ~(b®a,a’(3) ®h(2)7?.~
2~)(h(,),a’(,))

/ (1) ‘ ~i /

X ,a (2)/, (
3),a(4)

= ~(h(!) (57?.~’~)bSh(3),a’)(a,h(2)7?.~
2~)

= ~((57?.~’~)h(
2)bSh(3),a’)(a,7?.~

2~h(,))

= ~ ) (h~
2~L’b), a’)

from which we deduce(49) at leastin the finite-dimensionalcase.
Finally, wesupposethat 7?. is antireal.Then

(b*ia)* — ~ (7?.(
2),a)(7?.~’~~b)* — ~((S7?.(2) )* a*) (S7?.~’~)* t;’

= ~(7?.(2)* a*)7?.(~)*~ b* = ~(7?.(2) a*) (s7?.~’~) ~b*

= ~(7?.(2),S_la*)7?.~Nb* = b* ‘iS’ (a*) = b* ~(Sa)*,

as required.Hence,if A is antirealdual-quasitriangular,thenH>~Ais a *-algebra
crossproduct.

Note that the condition on 7?. for a *-algebracrossproducthereis different
from the onein corollary3.1.

Example 4.7.BUq (sl(2,Eli)) >1 SLq (2,l~)with I~l= 1 is a *-algebra crossproduct
describinga quantumparticlewithmomentumSLq (2,11) andposition observables

BUq(sl(2,E~l)),and is a Hopfalgebra isomorphic to the dual ofD(Uq (512)).
Explicitly, it hasmatrixgeneratorsL ofBUq (si (2,ER)) and t ofSLq (2,ER) with
cross relations and coproduct

L,t
2 = t2R’L1R, At = t® t, AL

1
1 = Lab ®(Stla)tbcLCj.

Theaction and coactionhere areL, <t2 = R’L,R and /3(L) = t’Lt in the
usualnotations.Thesameresult holdsfor anyother Uq (g) for which there is an
antireal *-structure.

Proof This is aspecialcaseof the aboveproposition4.6.We computethe action
thereas

L’1 <tk1 = 7?.~’~~L’1(7?.
12~,k

1) = 1+k1t~L’1 (50)
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asalreadygivenin the proofof corollary3.2. Thecoactionfollows from (48) as

/3(L’1) = Lab® (St’a)t~’j, (51)

sincethis dualisesto the left quantumadjoint actionof H on H. This is usually
written compactlyasconjugationby t. From (41) and (43) weobtainthe cross
productandcoproductstructuresas stated.Theisomorphism(49) with thedual
of the doublecomesout as

0(L’~®1) = ~ea~L’j ®fa 0(1 ® t
1~)= Sl0’k ®tk

1. (52)

Notefinally thatR is no longerofrealtype: For the s12caseat q = 1, it obeys

= R”1
1’~

1. (53)

Nevertheless,from example2.3 andthe generaltheoryabove,we knowthat we
havea *-algebracrossproduct.Onecan alsoverify this exampleexplicitly, as
follows. Firstly, the *-structureon Uq (sl(2,ER)) takesthe form l01~*= q1J/±l~.
From the pairing as a Hopf *-algebra with A (R) one obtainslikewise t’f =

q’’5
2t’

1 for therelevant*-structurefor SLq (2,ER) (anyevenpowerof S will do
herefor a Hopf *-algebra,but this is the onethat we need).Thiscomesout as

(thl* t
1

2’’\ ( t’1 qt’~
~t

2i~ t2
2*) = ~q_1t2i t

2
2

Next, the action L1 ~ t2 = R’L1R was alreadycomputedin a slightly more
generalcontext(for thedegenerateSklyaninalgebra)in [6] as ( ) ~ t

1
2 = 0 and

/ qH/
2 ~ / qH/2 ~ / qH/2

( q~H/2~ ( qH/2 ~ ~ ( q_H12

~ X.~
1~it1 = ( qX~ )~ ~ )~2tl (q~~’X

\ X_ I \q’X_J \ qX_
/ 2(l—q)X÷

I \ 2 ( ~(l — q_l)X+q_H~ )~t 1 = \~q_H/2(x+x — qX_X~)

whereA = q’/
2 (q — q’). The non-trivial part of the verification of (44) is

then
/ / qH/2 ~ * / A(q — 1)X÷ qH/2( (qH/2 ~ 2 — ( A(q1 — 1)X+q_H ~ (q_H/~ 2

1 J — ( 2(1 _q_t)X~q_H/2 J = ~—x~j <~

\\ X_ I I \Aq_H/2(x+x__qx_x+)l \—X_ I
H’2 *

I -11/2

= <~(St2i)*.
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This *-crossproductis dualas aHopfalgebrato the quantumdoublemodel
atthe endof section3. Nevertheless,we seethat it hasa similar interpretation
although,thistime, q is requiredto beof modulus1 ratherthanrealasbefore.To
completethispictureit remainsonly to fill out the detailsof thisinterpretation.

Firstly, becauseUq (sl2) is factorizable,we havean isomorphismBSLq(2) ~
BUq (sl2). The latter is equippednow with a *-structurethat is tha4is inherited
from Uq (sl(2, ER)) andthismeansthat BSLq(2) alsohasa *-structure.Fromthe
explicit form of l~Sl [33] in this case,

(a b~ ~ qH ql/
2(q..q_l)qH/2x_

~c d) = ~q_I/2(qq_1)x+qHI2 q_H + q~(q—q~)2X~X_

onehas
(a* b*\ ~‘ a q2b
~c* d*) = ~q2c q2d + (1 —q2)a

We denotethe braidedgroup BSLq(2) with this *-structureby BSLq(2,ER) in
honourof the limit hereas q —* 1. Its algebrarelationsareas in (32)—(34).This
givesourinterpretationof the positionobservablesin example4.7.

Secondly,we want to view the momentumquantumgroup SLq (2,ER) as a
quantumenvelopingalgebra.This is not anewideaexceptthatit is usuallycon-
sideredwith the compact*-structureor without considerationof the *-structure
at all. The algebrahereis the usualSLq (2) one [1,301.If wedefine

q~= t1
1, q~= t

2
2, ~ = q—q—’’ x = q~~_1’ (55)

wherewe supposethatq is generic,thenthe algebrarelationsbecome

[x~~]= x = [~,x]~ K~~]= = ~ [x,~]= 0,
q~q~= 1 + (q—q’)

2q’~x, (56)

while its usualmatrix coproductbecomes

4q~= q~®q~+ (q—q’)2~®x, Aq~= q’1®q’1 + (q—q’)2x®~ (57)

~ ~ (58)
Finally, the *-structurefor SLq(2,ER)usedin example4.7 becomes

= _..~ ~* = —~, x * = —q * = —q~. (59)

We assumethatq = et (where t in ourcaseis imaginary) anddeducefrom
the Campell—Baker—Hausdorfformulaapplied to theseequationsthat

= 0(t), i~= —~ + 0(t).

The scaling of the generatorsis critical hereand meansthat (with scaling as
defined)we havein the limit the Lie algebra

[x~~]= x~ [~,i~] = ~, [x,~1= 0, (60)
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with its usuallinearcoproduct.ThisrealLiealgebraisthe solvableoneappearing
in the Iwasawadecompositionof s12 andcanbe calledthe Drinfeld dualsu~of
su2 in view of Drinfeld’s generaltheoryof Lie bialgebras[36]. Details of the
computationfrom the Iwasawadecompositioncanbefoundfor examplein [14,
section2]. In ourcaseweseethatthemomentumquantumgroupin example4.7
canbe regardedas aq-deformationUq (su~)of its envelopingalgebra,cf. the
ideasintroducedin [1, section7].

Finally, theright actionof this q-momentumgroupon the co-ordinategener-
atorsof BSLq(2,ER) is

a b 0 —b a b —qc —(d—a)
(c d)~ = (c 0 )‘ ~ = °~(c d)~ = ( 0 q’c )~

(61)
In the limit q —~ 1 we see that~ becomeanti-self-adjointandhave a *-

representationon the algebraof functionson SL(2,ER). This is thesystemwhose
quantizationasa*-algebrasemidirectproductis the dualof thequantumdouble
D(Uq(51(2,ER)))at leastfor genericq.

Thiscompletesthe detailsof the dualmodeldiscussedin the Introductionin
(2). Clearly,the physicalmeaningofthesequantumsystemsislessfamiliar than
thoseof the previoussection.It is interestinghowever,that thesedualsystems
haveamathematicalinterpretationas a *-algebracrossproductprovided7?. is
antireal,whereasin section3 it was requiredto be real. It seemsthatbothcross
productsare not quantum*-algebraspreciselyat the sametime, unless7?. is
triangular(in which casethe notionsof real andantirealcoincide).

5. Concludingremarks

Forcompletenesswe concludeby placing the aboveresultsin the contextof
two otherinterpretationsofthequantumdouble(andof thesemidirectproducts
of thetypeabove)thataredevelopedelsewhere.Thesearesemidirectproducts
as aprocessof bosonizationof braidedobjects[24] andsemidirectproductsas
quantumprincipalbundles[4].

Theideabehind[24] is thataHopfalgebrain abraidedcategoryis analogous
to the ideaof asuperor Z2-gradedstructure,with the role of the ~2 playedby
thequantumgroup H thatgeneratesthe braidedcategory(asexplainedin the
preliminaries).Becauseof the gradingthereis necessarilya7L2-actionandit is
natural to ‘bosonize’ the super-HopfalgebraB into an ordinaryHopf algebra
B >1 7L2. The ideais that the informationpreviouslyin the gradingor bose-fermi
statisticsis usedexpressedas non-commutativityin the algebraby addingan
additionalgeneratorg with

bg = (_l)de~(b)gb, g
2 = 1.

This trick is well-known to physicistsunderthe headingof the Jordan—Wigner
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transform[37] andalso to mathematicianse.g. [38]. This is alsothe ideabe-
hind [24] wherewe showedthat everybraided-Hopfalgebrain the category
Rep(H) leadsto an ordinaryHopfalgebraB >~H, its bosonization.

Fromthispoint of view, D (H) is nothingotherthanthe bosonizationof the
braided-groupA of functionalgebratypeassociatedto the quasitriangularHopf
algebraH. HereH is understoodas generatingthe braidingor braid-statistics
underwhich the braided-groupis covariant.Thus two ideas,of gradingandof
momentum-covariancewith associatedMackeyquantizationareunified when
bothare viewed in the generalcontext of quantumgroups.This gives insight
into the natureof quantizationas a processof braiding, andis exploredfurther
in [39].

One of the themesabovehasbeenthe interactionof our constructionswith
Hopf algebraduality. Here wewant to mentionapowerful diagrammaticway
of making such dualizationswhich is indispensablein a braided-groupcon-
text [29] but usefulevenfor Hopfalgebras.The point is that the possibilityof
adualHopfalgebrais basedon the fact thatthe axiomsof aHopfalgebrahave
an input-outputsymmetry in which the axiom system,when written as com-
muting diagrams,is invariantunderreversalof thearrows.In the diagrammatic
notation onegoes furtherandwrites all mapsas nodeson stringsflowing from
the inputsdown to the outputs.Forexamplein [241we gavethe proofsof the
bosonizationconstructionin this way. Hencefor the dual theoremonesimply
turns the diagram-proofsup-side-down.This turns left modulesinto right co-
modulesetc. andrecoversthe generalconstructionsof section4 directly. From
this point of view the contentof Lemma4.4 is preciselyrecoveredas a dual
versionofthe bosonizationtheorem:if C is a Hopfalgebraliving in thebraided
categoryof right comodulesof adual-quasitriangularHopf algebrathen it has
a dual-bosonizationC >~A. This diagrammaticview of Hopfalgebraduality is
important also in the quantizationinterpretationwhereit suggestsa kind of
time-reversalandparity invarianceof the system.

Finally, itsisknownfrom ageneraltheoremofRadford[34] thatsimultaneous
productsandcoproductsofthetypeabovearein one-to-onecorrespondencewith
Hopf algebraprojections.This meansa Hopf algebrasurjectionm: P —* A say
whereP, A are Hopf algebraandwherethe map it is split by aHopf algebra

inclusion P~-’-’Ain sucha way that it o i id. If thesequantumgroupsarelike
functionsongroupsG,H respectivelythenit correspondsto aninclusionH C G.
In this caseonecanview G —~ G/H as a principal H-bundle. In the sameway,
one canview P ~—‘ B as a quantumprincipal bundlewith structurequantum
group A andbasequantumspace

B = pA = {b eP~(id®it)Ab = b® l}.

In thecasewhereit is split thebundleis trivial with trivialization providedby 1.
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ThismeanspreciselythatP factorisesas P = B >i1 A. We referto [4] for further
details.

Thus we see that semidirectproductssuch as we have studiedabovecan
equallywell be viewed as trivial quantumprincipal bundles.From this point
of view, the quantumdouble and its dual define two quantumbundles,the
first with structurequantumgroup A = Uq (su2) which we needto view as a
quantumfunction algebraof SU(2) * and the secondwith structurequantum
group A = SLq(

2,ER). This time the perverseinterpretationof an enveloping
algebraas function algebraoccurswith the model in section3 ratherthanthe
dualmodel in section4.

Thesemutuallydualinterpretationsof the quantumdoubleasbundlesparallel
thenthe mutually dual interpretationsas quantizationabove.In summary,the
quantumdouble,aswellasthemoregeneralcrossproductsandcoproducts,allow
us to extendthe thesisof [9,14—17]thatwhenbotharesufficiently generalized,
quantizationandgeometryare the samething, from mutually dual pointsof
view.
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